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WORKED EXAMPLE

Long-Term Deflection Calculation - Non-Prestressed RC
Beam — (EN1992-1-1 2004)
This document presented the worked example of Example 8.4 from Concrete Structures, Stresses and
Deformations, Third Edition (Ghali et al, 2006) using EN 1992-1-1: 2004 approach. The results from
Case 1 ~ 5 are presented and discussed in the end of the document to give user a clearer overview of
the comparison between two approaches.

Document ref. B300×650 — Long-Term
Deflection Parameters Status Worked calculation (partial)

Design code EN 1992-1-1: 2004 Cl3.1.4,
Cl7.1, Cl7.4.3, Annex B Revision 1.0

0.  Glossary

Symbol Description
B Section width

H Section overall depth

d' Effective depth to compression steel (top)

d Effective depth to tension steel (bottom)

As' Compression steel area (top)

As Tension steel area (bottom)

fck Characteristic compressive strength

fctm Mean tensile strength (EN1992-1-1:2004 Table 3.1)

Es Modulus of elasticity of steel

Ecm Modulus of elasticity of concrete

φ(∞,t₀) Creep coefficient – Refer to Appendix A

χ(t,t₀) Aging coefficient – Not used in EN1992-1-1:2004 Approach.

Ecm,eff Effective modulus = Ecm/(1+φ)

αe(t0) Modular ratio at (time = t0) = Es/Ecm

αe(t) Modular ratio at (time = t) = Es/Ecm,eff

εcs(t) Free Shrinkage Strain at time = t– Refer to Appendix A
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1.  Section, Material and Reinforcement Data
The beam is a simply supported, non-prestressed reinforced concrete rectangular section. Section,
reinforcement and material parameters are shown in table below:

Example of Case 1 = Beam cross-section: B×H = 300×650 mm, with top and bottom reinforcement.

Case Section As’
(mm2)

As
(mm2)

d’
(mm)

d
(mm)

1 B300x650 270 1080 50 600

2 B300x650 - 3217 50 600

3 B200x650 982 982 57.5 597.5

4 B800x1000 9651 11260 93 907

5 B800x1000 9651 11260 93 907

1.1  Material Properties

Case fck
(MPa)

fctm
(MPa)

Ecm
(GPa) φ(∞,t₀) χ(t,t₀) εcs(t)

(10-6)
αe(t0) αe(t)

1 - 2.50 30 2.5 0.8 -250 6.67 23.33

2 32 3.02 33 2.5 1.0 -485 6.06 21.21

3 32 3.02 33 2.5 1.0 -485 6.06 21.21

4 32 3.02 33 2.5 1.0 -357 6.06 21.21

5 60 4.35 39 2.5 1.0 -357 5.13 17.95

In the following sections, the example calculation for Case 1 will be only presented. Result comparison
for Case 1~5 will still be discussed in the “Result and Conclusion” section.
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2.  Uncracked Section Properties
Concrete area and second moment of area of the gross (uncracked) section:
Transformed uncracked-section neutral-axis depth (from the top fibre) and moment of inertia:

𝑥𝑢 =
𝐵𝐻𝐻

2 + (𝛼𝑒 − 1)(𝐴𝑠𝑑 + 𝐴𝑠
′𝑑′)

𝐵𝐻 + (𝛼𝑒 − 1)(𝐴𝑠 + 𝐴𝑠
′)

𝐼𝑢 =
𝐵𝐻3

12
+ 𝐵𝐻 ൬

𝐻
2
− 𝑥𝑢൰

2

+ (𝛼𝑒 − 1)[𝐴𝑠(𝑑 − 𝑥𝑢)2 + 𝐴𝑠′(𝑥𝑢 − 𝑑′)2]

xu(t0) = 331.23 mm

xu(t) = 347.10 mm

Iu(t0) = 7.436 × 10⁹ mm⁴

Iu(t) = 9.036 × 10⁹ mm⁴

3.  Cracked Section Properties
Depth of the compression zone xc, solved from the first-moment quadratic:

1
2
𝐵𝑥𝑐2 + [𝛼𝑒𝐴𝑠 + (𝛼𝑒 − 1)𝐴𝑠′]𝑥𝑐 − [𝛼𝑒𝐴𝑠𝑑 + (𝛼𝑒 − 1)𝐴𝑠′𝑑′] = 0

𝑥𝑐 =
−[𝛼𝑒𝐴𝑠 + (𝛼𝑒 − 1)𝐴𝑠

′] + ඥ[𝛼𝑒𝐴𝑠 + (𝛼𝑒 − 1)𝐴𝑠
′]2 + 2𝐵[𝛼𝑒𝐴𝑠𝑑 + (𝛼𝑒 − 1)𝐴𝑠

′𝑑′]
𝐵

𝐼𝑐 =
𝐵𝑥𝑐3

3
+ 𝛼𝑒𝐴𝑠(𝑑 − 𝑥𝑐)2 + (𝛼𝑒 − 1)𝐴𝑠′(𝑥𝑐 − 𝑑′)2

xc(t0) = 144.56 mm

xc(t) = 233.02 mm

Ic(t0) = 1.809 × 10⁹ mm⁴

Ic(t) = 4.861 × 10⁹ mm⁴
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4.  Cracking Moment
The cracking moment M_cr uses the uncracked section modulus and the concrete tensile strength:

𝑀𝑐𝑟 =
𝑓𝑐𝑡𝑚𝐼𝑢(𝑡0)
ℎ − 𝑥𝑢(𝑡0)

Mcr = 58.3 kNm

5.  Calculation of Curvature
The calculation of curvature follows EN1992-1-1:2004 Cl 7.4.3(6) Eqn. (7.21) for Shrinkage Curvature and Cl
7.4.3(3) Eqn. (7.18).

1
𝑟𝑡𝑜𝑡𝑎𝑙

=
1
𝑟

+
1
𝑟𝑐𝑠

= ൤𝜉
1
𝑟𝐼

+ (1 − 𝜉)
1
𝑟𝐼𝐼
൨ + ቈ𝜉

1
𝑟𝑐𝑠,𝐼

+ (1 − 𝜉)
1

𝑟𝑐𝑠,𝐼𝐼
቉

Where:
1
𝑟𝐼

=
𝑀
𝐸𝐼𝑢

1
𝑟𝐼𝐼

=
𝑀
𝐸𝐼𝑐

1
𝑟𝑐𝑠,𝐼

= 𝜀𝑐𝑠𝛼𝑒
𝑆𝑢
𝐼𝑢

1
𝑟𝑐𝑠,𝐼𝐼

= 𝜀𝑐𝑠𝛼𝑒
𝑆𝑐
𝐼𝑐

𝑆 = 𝛴𝐴𝑠𝑖(𝑑𝑖 − 𝑥) − 𝛴𝐴𝑠𝑖
′(𝑥 − 𝑑𝑖

′)

𝜉 =  1 − 𝛽 ൬
𝑀𝑐𝑟

𝑀 ൰
2

, 𝑖𝑓 𝑀𝑐𝑟 < 𝑀, 𝑒𝑙𝑠𝑒 𝜉 = 0

Modified Stn Moment 1/r I 1/r II 1/r cs,I 1/r cs,II Factor ξ 1/r 1/r cs 1/r Total

0 0.00 kNm 0.000 0.000 0.125 0.416 0.000 0.000 0.125 0.125
800 48.96 kNm 0.632 1.175 0.125 0.416 0.000 0.632 0.125 0.757

1600 87.04 kNm 1.124 2.089 0.125 0.416 0.776 1.872 0.351 2.223
2400 114.24 kNm 1.475 2.742 0.125 0.416 0.870 2.577 0.378 2.955
3200 130.56 kNm 1.686 3.133 0.125 0.416 0.900 2.989 0.387 3.376
4000 136.00 kNm 1.756 3.264 0.125 0.416 0.908 3.125 0.389 3.515
4800 130.56 kNm 1.686 3.133 0.125 0.416 0.900 2.989 0.387 3.376
5600 114.24 kNm 1.475 2.742 0.125 0.416 0.870 2.577 0.378 2.955
6400 87.04 kNm 1.124 2.089 0.125 0.416 0.776 1.872 0.351 2.223
7200 48.96 kNm 0.632 1.175 0.125 0.416 0.000 0.632 0.125 0.757
8000 0.00 kNm 0.000 0.000 0.125 0.416 0.000 0.000 0.125 0.125
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6.  Calculation of Deflection
The derivation of deflection calculation is presented in this section. More details may be found in Appendix A
below for the visualization of the double integration method for Curvature and Deflection formula.
(1) Curvature & Deflection Formula

𝐶𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 𝜃(𝑥) = න
𝑀(𝑥)
𝐸𝐼

𝑑𝑥 + 𝐶1

𝐷𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 ∆(𝑥) = නන(
𝑀(𝑥)
𝐸𝐼

𝑑𝑥 + 𝐶1) 𝑑𝑥

𝐷𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 ∆(𝑥) = නන
𝑀(𝑥)
𝐸𝐼

𝑑𝑥 + 𝐶1𝑥 + 𝐶2
(2) Apply Boundary Condition

∴ 𝑊ℎ𝑒𝑛 𝑥 = 0, 𝐶2 =  ∆𝑠𝑡𝑎𝑟𝑡, 𝑥=0

∴ 𝑊ℎ𝑒𝑛 𝑥 = 𝐿, 𝐶1 =
−∫∫𝑀

(𝐿)
𝐸𝐼 𝑑𝑥 + ∆𝑒𝑛𝑑, 𝑥=𝐿

𝐿

𝐷𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 ∆(𝑥) = නන
𝑀(𝑥)
𝐸𝐼

𝑑𝑥 + (
−∫ ∫𝑀

(𝑥)
𝐸𝐼 𝑑𝑥𝑥=𝐿

𝑥=0 + ∆𝑒𝑛𝑑, 𝑥=𝐿 − ∆𝑠𝑡𝑎𝑟𝑡, 𝑥=0

𝐿
)𝑥 + ∆𝑠𝑡𝑎𝑟𝑡, 𝑥=0

(3) Final Formula of Deflection at Each Point of Beam
∴ 𝐷𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 ∆(𝑥) = 𝐴 + 𝐵 + 𝐶

𝐴 = 𝐷𝑜𝑢𝑏𝑙𝑒 𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑜𝑓
𝑀(𝑥)
𝐸𝐼

𝐵 = [𝑉𝑎𝑙𝑢𝑒 𝑜𝑓 double integral from x = 0 to L + Deflection at beam end (x = L) −
𝐷𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑡 𝑏𝑒𝑎𝑚 𝑠𝑡𝑎𝑟𝑡 (𝑥 = 0)] ∗ ቀx

L
ቁ

𝐶 = 𝐷𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑡 𝑏𝑒𝑎𝑚 𝑠𝑡𝑎𝑟𝑡 (𝑥 = 0)

Notes:

θx = θx−1൮

1
𝑟𝑥

+ 1
𝑟𝑥−1

2
൲ ∗ (𝐿𝑠𝑡𝑛,𝑥 − 𝐿𝑠𝑡𝑛,𝑥−1)

∆x= ∆x−1 ൬
θx + θx−1

2
൰ ∗ (𝐿𝑠𝑡𝑛,𝑥 − 𝐿𝑠𝑡𝑛,𝑥−1)

(𝐶𝑜𝑟𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝐶1 & 𝐶2) 𝐶2 = 0 𝑓𝑜𝑟 𝑠𝑖𝑚𝑝𝑙𝑦 𝑠𝑢𝑝𝑝𝑜𝑟𝑡𝑒𝑑 𝑏𝑒𝑎𝑚, 𝐶1 =  ∆End,Uncorrected ቀ
𝑥
𝐿
ቁ

1/r Total

θTotal

(10 -3  rad)
∆Total,U

(mm) Correction
∆Total,Final

(mm)
0.125 0.000 0.000 0.000 0.000
0.757 0.352 0.141 7.124 -6.983
2.223 1.544 0.900 14.248 -13.348
2.955 3.616 2.964 21.371 -18.407
3.376 6.148 6.869 28.495 -21.626
3.515 8.905 12.891 35.619 -22.728
3.376 11.661 21.117 42.743 -21.626
2.955 14.194 31.459 49.866 -18.407
2.223 16.265 43.642 56.990 -13.348
0.757 17.457 57.131 64.114 -6.983
0.125 17.809 71.238 71.238 0.000
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7.  Result Comparison
The result comparison between the approaches according to Concrete Structures, Stresses and Deformations,
Third Edition, A Ghali, R Favre and M Elbadry and EN1992-1-1: 2004 are tabulated as shown below:

Table 1: Case 1 (Example 8.4 from Concrete Structures, Stresses and Deformations, Third Edition, A Ghali, R
Favre and M Elbadry, pages 285-289)

Table 2: Case 2 = B300x650, fck = 32 MPa, φ(∞,t₀) = 2.5, εcs(t) = -485 x10-6

Table 3: Case 3 = B200x650, fck = 32 MPa, φ(∞,t₀) = 2.5, εcs(t) = -485 x10-6

CASE AND FEATURE TESTED TEXTBOOK RESULT CALCULATED RESULT DIFFERENCE (%)
Mid-Span Displacement No Creep/Shrinkage (m) 14.4 13.1 9.03
Mid-Span Displacement With Creep/Shrinkage (m) 23.9 22.7 5.02
Note:
R300x650, Cover to Rebar Center = 50mm, As = 1080 mm2, As’ = 270 mm2,
Ecm = 30 GPa, Aging CoeƯicient X = 0.8, φ(∞,t₀) = 2.5, εcs(t) = -250x10 -6,
Aging Coefficient X only used in Concrete Structures, Stresses and Deformations, Third Edition (Ghali et al, 2006)

CASE AND FEATURE TESTED TEXTBOOK RESULT CALCULATED RESULT
ABSOLUTE

DIFFERENCE
 (mm)

DIFFERENCE (%)

Line Load = 5 kN/m 6.47 5.64 0.83 12.9
Line Load = 10 kN/m 11.26 10.60 0.66 5.9
Line Load = 15 kN/m 15.53 15.64 0.11 0.7
Line Load = 20 kN/m 19.31 19.72 0.41 2.1
Line Load = 25 kN/m 22.95 23.35 0.40 1.7
Line Load = 30 kN/m 26.52 26.89 0.37 1.4
Line Load = 40 kN/m 33.59 33.73 0.14 0.4
Line Load = 50 kN/m 40.60 40.47 0.14 0.3
Line Load = 60 kN/m 47.60 47.17 0.43 0.9
Line Load = 70 kN/m 54.58 53.84 0.74 1.4
Line Load = 80 kN/m 61.56 60.51 1.05 1.7
Line Load = 90 kN/m 68.53 67.16 1.36 2.0

Line Load = 100 kN/m 75.50 73.82 1.68 2.2

Mid-Span Displacement With Creep/Shrinkage

CASE AND FEATURE TESTED TEXTBOOK RESULT CALCULATED RESULT
ABSOLUTE

DIFFERENCE
 (mm)

DIFFERENCE (%)

Line Load = 5 kN/m 1.23 1.21 0.02 1.3
Line Load = 10 kN/m 2.46 2.43 0.03 1.3
Line Load = 15 kN/m 7.19 6.77 0.41 5.8
Line Load = 20 kN/m 9.83 9.90 0.07 0.7
Line Load = 25 kN/m 12.27 12.44 0.17 1.4
Line Load = 30 kN/m 14.61 14.85 0.23 1.6
Line Load = 40 kN/m 19.17 19.85 0.68 3.5
Line Load = 50 kN/m 23.66 24.50 0.84 3.6
Line Load = 60 kN/m 28.12 29.10 0.98 3.5
Line Load = 70 kN/m 32.55 33.67 1.11 3.4
Line Load = 80 kN/m 36.98 38.21 1.23 3.3
Line Load = 90 kN/m 41.40 42.75 1.35 3.3

Line Load = 100 kN/m 45.82 47.28 1.46 3.2

Mid-Span Displacement With Creep/Shrinkage
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Table 4: Case 4 = B800x1000, fck = 32 MPa, φ(∞,t₀) = 2.5, εcs(t) = -357 x10-6

Table 5: Case 5 = B800x1000, fck = 60 MPa, φ(∞,t₀) = 2.5, εcs(t) = -357 x10-6

CASE AND FEATURE TESTED TEXTBOOK RESULT CALCULATED RESULT
ABSOLUTE

DIFFERENCE
 (mm)

DIFFERENCE (%)

Line Load = 5 kN/m 1.43 1.46 0.03 1.8
Line Load = 10 kN/m 2.51 2.50 0.01 0.4
Line Load = 15 kN/m 3.59 3.54 0.05 1.3
Line Load = 20 kN/m 4.67 4.59 0.08 1.8
Line Load = 25 kN/m 5.75 5.20 0.55 9.6
Line Load = 30 kN/m 9.76 10.01 0.25 2.6
Line Load = 40 kN/m 13.75 14.12 0.37 2.7
Line Load = 50 kN/m 17.25 17.53 0.28 1.6
Line Load = 60 kN/m 20.55 20.75 0.20 1.0
Line Load = 70 kN/m 23.75 24.18 0.43 1.8
Line Load = 80 kN/m 26.88 27.32 0.44 1.6
Line Load = 90 kN/m 29.99 30.42 0.44 1.5

Line Load = 100 kN/m 33.06 33.49 0.43 1.3
Line Load = 110 kN/m 36.13 36.55 0.42 1.2
Line Load = 120 kN/m 39.18 39.58 0.40 1.0
Line Load = 130 kN/m 42.22 42.61 0.39 0.9
Line Load = 140 kN/m 45.26 45.63 0.37 0.8
Line Load = 150 kN/m 48.29 48.65 0.35 0.7
Line Load = 160 kN/m 51.32 51.65 0.34 0.7
Line Load = 170 kN/m 54.34 54.66 0.32 0.6
Line Load = 180 kN/m 57.37 57.66 0.30 0.5
Line Load = 190 kN/m 60.39 60.66 0.28 0.5
Line Load = 200 kN/m 63.40 63.66 0.26 0.4

Mid-Span Displacement With Creep/Shrinkage

CASE AND FEATURE TESTED TEXTBOOK RESULT CALCULATED RESULT
ABSOLUTE

DIFFERENCE
 (mm)

DIFFERENCE (%)

Line Load = 5 kN/m 1.32 1.34 0.03 2.1
Line Load = 10 kN/m 2.31 2.31 0.01 0.2
Line Load = 15 kN/m 3.31 3.27 0.04 1.2
Line Load = 20 kN/m 4.31 4.24 0.07 1.6
Line Load = 25 kN/m 5.30 5.20 0.10 1.9
Line Load = 30 kN/m 6.30 6.16 0.14 2.2
Line Load = 40 kN/m 8.29 8.91 0.62 7.5
Line Load = 50 kN/m 15.83 14.54 1.29 8.1
Line Load = 60 kN/m 19.28 17.85 1.43 7.4
Line Load = 70 kN/m 22.55 21.88 0.66 2.9
Line Load = 80 kN/m 25.71 25.11 0.60 2.4
Line Load = 90 kN/m 28.81 28.24 0.58 2.0

Line Load = 100 kN/m 31.87 31.30 0.57 1.8
Line Load = 110 kN/m 34.90 34.68 0.22 0.6
Line Load = 120 kN/m 37.92 37.75 0.17 0.4
Line Load = 130 kN/m 40.91 40.78 0.13 0.3
Line Load = 140 kN/m 43.89 43.80 0.10 0.2
Line Load = 150 kN/m 46.87 46.80 0.07 0.2
Line Load = 160 kN/m 49.84 49.78 0.06 0.1
Line Load = 170 kN/m 52.80 52.75 0.05 0.1
Line Load = 180 kN/m 55.76 55.72 0.04 0.1
Line Load = 190 kN/m 58.71 58.67 0.04 0.1
Line Load = 200 kN/m 61.66 61.62 0.04 0.1

Mid-Span Displacement With Creep/Shrinkage
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8.  Conclusion
The results for Case 1 - Worked Example 8.4 from Concrete Structures, Stresses and Deformations, Third Edition
(Ghali et al, 2006) and Case 2~5 using EN 1992-1-1: 2004 approach are presented in this example calculation
technical note. In summary, we noted that although the maximum difference % between two approaches is as high
as 12.9%, but the absolute difference of maximum deflection value is limited to +/- 2.0 mm (to be safe).
There are several reasons identified that may cause the deviation between two approaches. They are, but not
limited to, deviation due to round off, deviation due to the presence of aging coefficient (not appear in EN 1992-
1-1: 2004), and deviation due to double integration approaches (finer station span provide better approximation
towards correct value).
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APPENDIX A:
GENERAL CALCULATION PROCEDURE



(Member of Surbana Jurong Group)

General Calculation Procedure



General Calculation Procedure
(Member of Surbana Jurong Group)

1. Calculation of Uncracked and Cracked Second Moment of Inertia.
2. Calculation of Cracking Moment
3. Calculation of Creep Coefficient
4. Calculation of Shrinkage Strain and Curvature
5. Derivation of Deflection from Respective Curvature



Calculation of Second Moment of Inertia Iu & Ic
(Member of Surbana Jurong Group)



Calculation of Cracking Moment Mcr
(Member of Surbana Jurong Group)



Calculation of Creep Coefficient φ(∞,𝑡0)
(Member of Surbana Jurong Group)



Calculation of Creep Coefficient φ(∞,𝑡0)
(Member of Surbana Jurong Group)



Calculation of Shrinkage Strain and Curvature
(Member of Surbana Jurong Group)



(Member of Surbana Jurong Group)

Calculation of Shrinkage Strain and Curvature



(Member of Surbana Jurong Group)

Derivation of Deflection from Respective Curvature

Elastic Curvature Shrinkage Curvature

1

2



(Member of Surbana Jurong Group)

Uncorrected Deflection Calculation

Shaded Area Shaded Area

Repeat the calculations
at frequent intervals

and integrate twice



(Member of Surbana Jurong Group)

Correction for Deflection Calculation

Correction
= C1 & C2 for Deflection Integration

Integrate twice to obtain the overall deflection
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